. "On the structure of a class of archimedean lattice-ordered algebras." Fundamenta Mathematicae 50 (1962): 73-94.
By a <P-algebm A, we mean an archimedef1n lf1t,tiee-ordered algebra over the real field R which ha,s f1n identity element 1 that is a weak order nnit. The <P-algebras eonstitute the class of the title. It is shown that eveTY <P -algebra is isomorphic to an algebra of continuous functions The class of <P-algebras includes, of couTse, all lattice-ordered algebras of real-valued functions that eontf1in the constant functions_ In addition, it "onta.ins t,he algebfll. \8. of BaITe functioru; modulo null functions, ailld the algel)ra J}, of Lebesgue measurable functions modulo null functions, On the real line R. It is well known that neither 0.1 these is isomorphic (even a,s a vector-laHice) to any algebra of real-valued functions.
If M. CJ71("1), then A./.M is a totally ordered integral domain conta,ining R. If A;'ill R, tl,en JJf is called a real maximal ideal; otherwise it is called h.YP"'-l'oal. 'R(A.) denotes the space of real maximal I-ideals of A. If A is a,n algebra. of real-valued funotions, then C;t;'(A) is dense in 91[(A), but 'R(!8 o ), and. 'l2(J},,) are empty. If a. A, then '1~(a) denotes the set of maximal/-ideal, of A snch that}f(lai) ill not infinitely large.
For eaeh IX. A, 'R(a) is dense in C)1l(A).
'Ve have summa.rized the main results of Section 2. In Section 3, we investigate <P-algebras that are utb'ifonn/:!I c/os6il, i.e, every OaucllY sequence of elements of A converges in A, It is an easy consequence of Not every <P-algebra is a sub-<P-algebra of a uniformly closed <P-algebra with the same space of maximal I-ideals.
]'01' any compact space 'X, let IJ('X) denote the set of all continuous functions int-o the two point compaetification of R each of which is real on a dense subspace. \'inile D('X) need not always form an algebra, we show that A = IJ(CI1L(Alj if and only if A is uniformly closed and every element of A is either a divisor of zero or has an in verse.
Consider the <P-algebra .11 as a subset of IJ(0Jl(A»). If a "(0) C c}lI:(A)~'X'(b) for some b. A implie,s that a is contained in no proper 1-ideal of A, then A is said to be olosed undtY I--inversion. A <P -algebra A of real-valued functions is said to be olo8ed .<niter ilwersi-on if evc,ryelement of A that is contained in no real maximal 1-ideal of A is contained in no proper /-ideal of A. The consequences of these postulates, and the relations between them arc investigated in Section 4.
In Section 5, we obtain internal eharact.erizations of the algebra 0(3)) for seveml classes of topological spaces. A necessary, but not sufficient condition that a <P-algebra A be isomorphic to some 0 ('11) is that A. be a uniformly closed algebra, of re,al-valued functions that is closed unde,r inversion. By adding to these conditions we obtain characterizations of 0 CJ/) in case ']/ is either LindilHif, locally compact and a-eompact, enremally disconnected, or discrete.
Ij)-alg~bras are also f-rings in the sense of Birkhoff ami Pierce, and we rely on known results on thc structure of f -rings given by these authors in [4] , and given by D. Johnson in [23) . We also rely heavily Oil known theorems on the algebraic strl1cture of the ring' O(!.i). In Section 1, ,ve summarize enough necessary background material to keep this paper . reasonably self cOiltained. For more backgrouml on 0 ('J/), the reader is referred to [16] . We a.re indebted to C, GoHman for a 111llllber of suggestions and r".fereneos. \'i-e are especially indebted to :ilL Jeri3011 for many valuable converS3,tious eoncBJ'ning this paper WhjJ0 it was in progress. For proof, see [4] . [But, note that these authors define "'-= ~ (~a) VO.)
1.4. Theke1'lld of a homomorphism of a lattice-ordered ring A into a lattice-ordered ring B is called an [-ideal As remarked above, every <fj. algebra is commutative. 'rhe purpose of this paper is to describe the structure of <fj·algebTas.
In [23J, D. Johnson gave a stmcture theory for ;. rings analogous to the .Jacobson theory for abstract, rings. \Ve now quote, in the special context of <fj.a!gebras, some of these results. A subset A of D(CX) closed nnder all of these operations will be ca.lled a,n algebra of eaJtende(1 lunotions on CX. Note that any such A will be archimedean. is open. Every basically diseonnecwd space is an F-space. That II('X) is an algebra in case is basie&Uy disconnected has long been known (cf., e.g., [26] 
An t·ring
hex) ~ f(x)+g(x) , "(x) I(x)· gem) for each m. 'R (/) "C)( (y), then h a,
PROPOSITION. D(CX) is 1M algebra of eaJtenrle(l funmions if and
It is readily verified that with this definition of closed set, 0ll(A) becomes a, P,-space such that every open covering has a finite 8ub-covering. These assertions can be verified by examining [22] , [12] , or the more abstract formulatiou given in [2] . Unless otherwise stated, 'Ill (A) will deuot(, the topological space defined above. Note that the sots
for a. A, form a base for the closed sets in 0ll (A).
The main result of this .86tion is the following representation theorem. 
If a( Mo)
). < R, then for each real e> 0, the set pvf € 'lIL(A): 
is a HmL'5dorn ~pace. Indeed, as remarke(l above, CJ7l(A) is compact. 'l'hus (1) has been established. Now (ii) holds when 0, and each consist of a single point. A standard compactness argument may be used to extend this first to the ease in which d , consists of a single point and is arbitrary, and then to the general case. The theories closest to the present work seem to be those of DomI'aceva ( [9] ) and Za.wadowski ( [37] ). These authors do not rely on completeness assumptions. On the other hand, they do not work with objects readily identified as <Ii-algebras, and it does not seem possible to apply their work direcUy to Theorem 2.3 or to the sequel. Henee a fresh exposition see.ms in order .
.FIen{]lfjo-rth, 'we will iikntiiY, whenever it -is cGnllenw'nt to do 80 
3,2. If A is a uniformly closed <P-algeb'ra, then A* and o (C)J[(A») (JJre isomorphic.
A 
LEMMA. If A is a <P-algebra such that A' is uniformly closed, then CR(a) is O*-imbedderl in CJ7l(A) for each a € A. Thus C)J[(A) ~ fJ'R(a).

Proof. By 3.2, we may identify A* with o (CJ7[(A») , Let a
€ A, Since 'R(a) ~ 'R(a'v1), we may assume that a ~ 1. Let g € O*('R(a»). Let I(x) ~ g (x)la (x) if x € 'R(a), and f(x) ~ 0 if x € CJl(a). Then, since g is bounded, f € O(C)J[(A») ~ A
*. Thus fa is the desired continuous extension of g over CJ7[(A).
With the aid of Lemma 3.5, we are now able to produce an example of a <P-algebra that cannot be imbedded in a uniformly closed <P-algebra with the same space of maximal 1-ideals.
3.6. EXAMPLE. Let R+ denote the space of non-negative real numbers with its usual topology, and, as in 1.7, let A denote the <P-algebra of all continuous real-valued functions on R+ that are eventually polynomials, The next rosult of t,his section shows that the lattice structure of a uniformly closed <1)-a,lgebm iR uniquely determined by. its algebraic structnre. That, is, all of the axioms fol' uniformly elosed <1)-algebras could be rephrased in terms of the a,lgebraie operations &ione. Proof. Let a • .'1+. 'fhen a is a non-negative extended ,function on 1ii(A), HO a 1 !2ED(Cfl1(AJ}. Now 0 ";;'alI2~(a+l)''''';;'a+1 EA. ThUS, by Lemma 3.7, a1/zE A.
orphie with) 11fr! order-cOIwex g,,,bset 01 D(CJ'l[(A»).
(iv) A* is (iso'morpMc with) an onleT-convex s"bset of D(CJ'ii(Al).
Proof, It is obvious tha;t (i) implies (ii) and (iii) implies (iv
For the converse, recall that squares are posit,ive in any <i)-algebra (1.3 (i) .
We close this section with the following eharacterizat;ion theorem. bote fn-st that an element a of a (P-algelFra A of extenaea (i) A is uniformly closed, atuJ.
If h is any element of D(cm(A)), the above shows that h+ +1 and In this section, we will consider <i)-algebras A whl()h satisfy one or more of the following restrictions. Note that the c.ondition of ,1.2 states that '/l(A) is dense in Cfll(A), 80 that A, is, in fact, an algebra of (continuous) real-valued fuuctious Oll 'telA). As mentioned earlier, not every <1>-aJgebra is an algebra of real-valued functions; it may be that 'R(A) = 0. 'l'his is, indeed, the 
Conversely, if
It is clear that evelY <,!I-a.lgebra of real-valued functions closed under inversion is closed under I-inversion. That the converse is not true will be sho"l'm by an example at the end of this seetion. Next, we give an example of a uniformly closed <1>-algebra of real-valued functions that is not closed under either type of inversion.
EXA3U'LE. Let
It is ea,sily verified that A is a uniformly closed <1> -algebra.. Since A' and O'(R~) aTe isomorphie, CJ/lUl) = ,BR+. The function g such that
In case A = DC]}) for some completely regular space '}j, the follOwing result is due to Gelfand and Kohnogoroff (lU] teriza,tion be int,emal seems to make the problem more difficult. The assumpt,ions that are common to most of our results are that, the <1>-algebra A he a uniformly dosed algebra of reaJ-valued funetjons that is closed under inversion. Obviously, each of these eonditions is necessary. Isbell has supplied an example of a 4l-algebra A sa,tisfying all of these conditions the,t is not isomorphic to 0CYl for any eompletely regular 'Jj ([21J, p. 108). Below, we give a few other such examples, whieh, we believe are simpler in chamcter. Note that if a 4l-algebra A. is isomorphic to some CCY), then it is isomorphic. to C (0\' (A) The aI'gument just given applies verbatim to the <1l-aIgebra of all function" in any Baire class, except that the latter need not be closed under point-wise convergence. lB, however, has the advantage that is both a-complete and regnlar (1.12).
A Similar argument shows t,hat the <1l-algebra lJ of all measurable functions on R is not isomorphic to a full algebra of continuous functions. The hypothesis that (lj be a LindelOf space in I,emma 5.3 cannot be deleted. In particular, if '}; is an unc01mtabJe discrete space, and X is its one-point compactification, then the conclusion of JJemma 5.3 need not hold.
We are now ready to give OUT first chamcterizat.ion. PrOof. It is clear that Bh is a <2l-algebra that is uniformly closed and closed under I-inversion, indeed, BX ~ A*, Hence '11l(B,,) = 91l(A) , and cr2(Bj;) = '12 (11) . Since 10 € B,., the theorem follows from Theorem 5.5.
THEOREM. A <P-algebra
We have been nnable to obtain an interlml characterization of o (ey) in the general case. By now, it is evident that the heart of the difficulty lies in our lack of ability to find an internal equlvalent of condition (iv) of Lemma 5.2.
